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Abstract 

Cachazo and Vafa studied J\f = 1 dynamics of U(N ) gauge theory from a viewpoint 
of type IIB superstring compactified on a Calabi-Yau manifold with fluxes. They proved 
the equivalence between the dynamics and that of M = 2 supersymmetric U(N ) gauge 
theory deformed by certain superpotential terms. We generalize their results to gauge 
theories with massive flavors in fundamental representation for classical gauge groups. 
When the additional tree level superpotential takes the form of the square of an adjoint 
chiral superfield we derive Affleck-Dine-Seiberg potentials. By turning off the flux, we 
obtain the Seiberg-Witten curves of J\f = 2 gauge theories. 
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1 Introduction 


Recently, Dijkgraaf and Vafa proposed that holomorphic information in J\f = 1 gauge theories 
with classical gauge groups are derived from matrix models pQ. They claimed that the non- 
perturbative aspect of holomorphic information was captured by matrix model perturbation. 
Generalization of DV duality to other gauge theories with massive flavors was discussed in 
[11311 U- We will derive the results discussed in these papers from a geometric point of view. 
Dijkgraaf and Vafa have reached this duality via a string theory route using a model with one 
adjoint matter. For that reason, we specifically address the generalization of string duality to 
a model with massive flavors. 

In tSJ a large N dual description of AT = 2 U(N) gauge theory deformed by certain 
tree level superpotential was realized using type IIB string theory compactihed on Calabi-Yau 
threefold with fluxes. The related subject for a type IIB superstring has been discussed in 
BUDmnnanai. In the resolved geometry, world-volume theory of D 5 branes wrap on S 2, s 
leads to J\f = 1 supersymmetric gauge theory. After conifold transition, S 2 shrinks and S 3 
appears in the dual geometry. On this dual geometry, there are 3-form fluxes through S 3, s 
that arise from the D brane charge. As discussed in nacni these fluxes generate the effective 
superpotential written by glueball superfields. Low energy quantities, such as expectation 
values of adjoint chiral superfield and coupling constant, are given by extremization of the 
effective superpotential. On the other hand, purely from the viewpoint of field theory, it is 
given by specializing to the appropriate factorization locus of the Seiberg-Witten curve. In 
ng, Cachazo and Vafa proved the equivalence of two descriptions for a model with one adjoint 
chiral superfield. 

This paper generalizes Cachazo and Vafa’s results to the gauge theory with Nf massive 
flavors in fundamental representation for classical gauge groups. This generalization shows a 
Riemann surface, namely a degenerated Seiberg-Witten curve, that has the same genus as a 
no flavor case but different flux. Turning on various fluxes on the same Riemann surface, we 
can realize gauge theories with various massive flavors. For SO/Sp theories, because Riemann 
surface corresponding to two theories are the same, we can realize these two gauge theories 
with various flavors in terms of fluxes on the same surface. On the other hand, turning off 
the fluxes in terms of a certain limit, we obtain the Seiberg-Witten curves from Calabi-Yau 
geometry with fluxes. 

This paper is organized as follows: In section 2, we discuss geometric engineering for gauge 
theories with massive flavors in fundamental representation of gauge groups. Then we see the 
geometric transition for these models and the effect of flux in the dual geometry. In section 
3, we first discuss the effective superpotential from a purely field theory viewpoint. Next 
we discuss effective superpotential which is generated from fluxes on a Calabi-Yau manifold. 
Comparing these two analyses, we see the equivalence of the two results. We give one-form flux 
explicitly on the Riemann surface in section 4. In section 5, we derive the Affleck-Dine-Seiberg 
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potential from Calabi-Yau manifold with flux. In section 6, turning off the flux, we reproduce 
Seiberg-Witten curves for the Af = 2 gauge theories. 

Note added: After completion of this note, we received Sj, containing the Seiberg-Witten 
curve derived from the matrix model context. It also indicated the relation to the Calabi-Yau 
manifold with flux. 


2 Geometric Transition and Dual Description 

2.1 Geometric engineering 

As discussed in jSj, 4 dimensional U(N ) gauge theories with massive chiral multiplets in the 
fundamental representation are obtained in terms of geometric engineering. First, we review the 
simplest case, in which the tree level superpotential for an adjoint chiral superfield $ is given 
by bbtree = Tr$ 2 . This gauge theory is realized in type IIB string theory on 0(— 1) + 0(— 1) 
bundle over P 1 as the world volume theory on N D 5 branes wrap on the bare P 1 . We introduce 
another D 5 branes wrap on holomorphic 2-cycles not intersecting the P 1 to include massive 
flavors. The massive flavors are engendered in strings stretching between these D 5 branes and 
the N D 5 branes wrap on P 1 . 

Next we discuss the generalization to U (. N ) gauge theories with a tree level superpotential, 

n+l 

WAee = E - Tr$P ' (2- 1 ) 

p=l P 

U(N ) gauge theory with this tree level superpotential, but without massive flavors, was dis¬ 
cussed in jH|. In that paper, a Calabi-Yau manifold was generalized as: 

I y + iz w + iW; ree (x) W Ai \ = 0 
\ -w + iw; iee (x) y-iz jyx 2 j 

in C 4 x P 1 . Ai and A 2 are projective coordinates of P 1 and x,y,z,w are coordinates of C 4 . 
Note that there are S 2 ’s at the points which satisfy W^ ee {x) = g n +il\!i=i(x — a>i) = 0. N D 5 
branes are distributed to these S 2 . If N t branes wrap on i-th S 2 j, the gauge symmetry is broken 
as 

n n 

U(N)^Y[U(Ni) with J2 N i = N - (2.3) 

2—1 2=1 

Again, to include massive flavors we introduce another D 5 branes wrap on holomorphic 2-cycles 
at points. The distance of that points from N D 5 branes are proportional to the mass scale 
of the massive flavors. Thereby, we obtain 4 dimensional Af = 1 U(N) gauge theory with Nf 
massive flavors. 
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Next we generalize the discussion above for U(N) gauge theory to SO(N)/Sp(N) gauge the¬ 
ories. As discussed in nu, we have to consider orientifold projection to realize SO(N)/Sp(N ) 
gauge theories. Under the orientifold projection, the coordinates introduced above are trans¬ 
formed as 

0 , y , Z, w, Ai, A 2 ) -> (-X, -y, -z, -w, Ai, A 2 ). (2.4) 

The coordinates Ai and A 2 are invariant under the projection; therefore, the orientifold plane 
can wrap on P 1 at x = y = z = w = 0. We realize that the dimension of the orientifold plane 
is six, namely 05-plane, because the orientifold plane fills four dimensional space-time. In this 
geometry, world-volume theories on D5-branes are SO/Sp gauge theories with the following 
tree level superpotential HU: 

n+l „ n+1 

= £ g 2p u 2r , (2.5) 

p= 1 Z P p= 1 

where <f> is a chiral superfield in the adjoint representation of SO(N)/Sp(N) gauge group and 
u 2p = ATr<f> 2p . In distinction from U(N ) case, we use the notation W S o/Sp f° represent the 
tree level superpotential. We define parameters cp by 

n+1 n 

w so/Sp( x ) = £ 92pX 2p ~ 1 = g 2 n+2 X n^ 2 + a 2 ). (2.6) 

p =1 2=1 

In a classical vacuum of these gauge theories, the eigenvalues of <f> become 0, ifa*, roots of 
W' so / Sp {x) = 0. When N 0 D5-branes wrap on S 2 at x = 0 and N t D5-branes wrap on the S 2 
located at x — iiaj, characteristic function of the gauge theories become, classically, P(x) = 
det(x — <f>) = x N ° n"=i (x 2 + al) Ni and the gauge groups break as, 

n n 

SO(N) SO(N 0 ) x I] U(Ni), Sp(N) ^ Sp(N 0 ) x U(W), (2.7) 

1=1 2=1 

where N = N 0 + E” = i 2W- 

2.2 Geometric dual description 

2.2.1 No flavor case 

The dual descriptions of the gauge theories are found via geometric transition 00 HU- Under 
the transition each of the S 2 ^ on which N t D 5 branes are wrapped have shrunk and have been 
replaced by the S 3 *. After the transition the geometry corresponding to U(N ) gauge theory is 
given by 

g = Wt iee (x) 2 + f n -i(x) + y 2 + z 2 + v~ = 0, (2.8) 

where f n -\(x) = bi'X 1 is a degree n—l th polynomial. In this deformed geometry, we choose 

a basis Ai, Bi of 3-cyclcs as symplectic pairing, ( Ai,Bj ) = 8 ir These 3-cycles are constructed 


3 


as S 2 fibration over the line segments between two critical points of W tr J(x) 2 + ,/ n _ 1 (x ), a~, af 
and oo in x-plane. Therefore we set the three cycles A t to be S 2 fibration over the line segment 
between a~ and af and three cycles B\ to be S 2 fibration over the line segment between af 
and A 0 . Here we introduce cut-off A 0 because Bi cycles are non-compact ones. 


The periods Si and dual periods n* for this deformed geometry are given by the integrals 
of the holomorphic 3-form H = dxd v d ~ dw : 


Si= n, 


'Ai 


Ui = n = dT / dSi. 
J Bi 


(2.9) 


The dual periods are expressed in terms of the prepotential iF(Si) of the deformed geometry. 
Because these 3-cycles are constructed as S 2 fibration, these periods are written in terms of the 
integrals over the x-plane as 


Si = 


2m Jar 


u 


lb = 


^—f a+ u = dx (w\x) 2 + / n _i(x)) 2 , (2.10) 


where oo is one form defined by the integral of hi over the fiber S 2 . According to mi, 
these periods S t are identified with the glueball superfields of SU(Ni) gauge theories, Si = 

suiN^WaW 01 . 

When geometric transition occurs, the S 2 * on which N t D5-branes wrap in the resolved 
geometry are replaced by RR 3-form fluxes through the special Lagrangian 3-cycles which we 
denote as S 3 , and NSNS 3-form fluxes through dual cycles in the deformed geometry. These 
3-form fluxes generate a superpotential. In addition, J\f = 2 supersymmetry for the dual theory 
is broken partially to Af = 1 supersymmetry [ HI fTh) , 


—W eff = SIA(H r + tH ns ), 
2m J 


( 2 . 11 ) 


where IIn and IIms are 3-form fluxes and r is the complexified Type IIB string coupling 
constant. In the dual theory defined by geometric transition, H R and H^s have to satisfy the 
following relations: 


Ni — I H Ry a — f tHms, (2.12) 

J Ai J Bi 

where a is related to a bare gauge coupling constant go of the 4 dimensional U(N) gauge theory 
through the relation a = Anijg^. 

Substituting (EH into (EH) , we find that the superpotential for the dual theory can be 
expressed in the following manner in terms of periods Si and dual periods n,; of the deformed 
geometry, 

in n 

- = E N i U i + a E Si. (2.13) 

Znl i=1 i =1 


For SO/Sp gauge theories the geometry after geometric transition is given by [TTJ 


w so/s P ( x ) 2 + hn(x) +y 2 + z 2 + w 2 = 0, 


(2.14) 
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where / 2n (: r) is an even polynomial of degree 2n. As in the C/(iV) case, we can reduce this 
deformed geometry to a Riemann surface that has 2n+l branch cuts. We denote a holomorphic 
one-form on the Riemann surface for these cases as 

Uso/Sp = dx ( [w' so/Sp (x ) 2 + f2n(x)) 2 • (2.15) 

Using this one-form we can represent the period integrals on the Riemann surface as follows: 

1 f ia t 1 

Si = ~ —: / ^so/Spi n* = / l oso/Sp, i = 0, • • •, n. (2-16) 

2m Jia~ 2m Jia+ 

% z 

The effective superpotential is given in the same way as the U(N ) case. After we reduce the 
general formula (I2TTD written in (x, y, z, w) to a formula on a Riemann surface written only in 
(x,y), we can describe the effective superpotential in terms of u>so/Sp as 

-—W eS = MtI n 0 + ^iV t I Ji + a'ESi, (2.17) 

Z 7 i =1 i =0 

where the number of flux through 0-th cut is reduced by the orientifold projection m- 


2.2.2 Adding flavor 


Next we discuss gauge theories with Nf massive fundamental matter multiplets. The effective 
superpotential for the U(N) gauge theory with W tiee = Tr$ 2 was given in We generalize 
results given in [8] to gauge theories with an arbitrary polynomial tree level superpotential and 
classical gauge groups. The effective superpotential that comes from the contribution of flavors 
is given by the integral of u and 



avor 



A Jf 

2ni F a , 


(2.18) 


where m a is mass of the a-th flavor and where we choose the position of holomorphic 2-cycles 
at x — —m a - Because x plane is the eigenvalue plane of $, x has the same dimension as 
mass. The reason for addition of these terms comes from the RR charge of the D 5 brane wraps 
on holomorphic 2-cycles that do not intersect with S 2 *. These 2-cycles do not shrink under 
geometric transition, so the geometry after the transition has the same number of cuts in the 
ir-plane as a no-flavor case. However, RR-flux on the x-plane differs from the no-flavor case. 
D 5 branes wrap on holomorphic 2-cycles give a source for one unit of RR flux at x = —m a - 
Therefore, integrals of /Jr around x = —m a indicate that 


/ H r = 1. (2.19) 

J-m 0 

We obtain the additional effective superpotential (E3BD because the effective superpotential 
(l2~TTl) is generated by fluxes. 
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The full effective superpotential is given as 


-in n Nf 

~ ^ Weff = E N i U i + « E S i - E 

i= 1 i= 1 a= 1 


( 2 . 20 ) 


which depends on the cut-off parameter Ao, which comes from Ido, If j and the integral in (12.1811 . 
From the monodromy argument, we can see the holomorphic beta function from a geometric 
viewpoint as follows. Under A 0 —> e 2m A 0 , IU and F a change as 


An i = -2(52 Sj), AF„ = -ys,. 

j = 1 3=1 


( 2 . 21 ) 


Factor two comes from the two copies of :r-plane connected by branch cuts. However, F a does 
not have this factor because this integral comes from the one ”semi 3-cycle”. Therefore, we see 
that W e a- must depend on the cutoff A 0 as 

12 12 

fUe ff = ■•• + 2E^E^iogA 0 -EE^ 1 og A o + «E^ 


i=l 3=1 


a=lj=l 


3 = 1 


((2AT — Nf) log A 0 + a;) E E 

3=1 


( 2 . 22 ) 


where • • • are single valued terms of A 0 . This logA 0 piece can be absorbed into bare coupling 
constant a. Let us introduce the new parameter A and assume that 


a = b 0 log 

Ao 


(2.23) 


We identify A with the dynamically generated scale of U(N ) gauge theory and bo with a 
coefficient of one-loop holomorphic beta function. Inserting this relation into , we see 

that bo must be the following value to cancel log divergent terms 


bo = 2N — Nf. 


(2.24) 


Note that this is a result obtained in terms of the geometric viewpoint and agrees with the 
beta function for J\f = 1 U(N) gauge theory with Nf flavors and one adjoint chiral matter [TiTI. 
Therefore, this agreement provides partial justification for the dual geometry discussed in the 
previous section. We must study effective superpotential beyond monodoromic argument to 
get stronger justification. Before doing this we want to extend the discussion above to SO/Sp 
gauge theories. 

We can extend the discussion above for U(N) gauge theory to the SO/Sp gauge theories. 
For the SO/Sp case, the deformed geometry has Z 2 identification for x because both Wso/Sp ( x ) 
and f 2 n(x) are even functions of x. Therefore, considering the covering space, fluxes on the plane 
have a source at x — ±m a in terms of contribution of Nf flavors. The effective superpotential 
generated by these fluxes is given as 


27 ri 


No 


Nt 


:We ff = no + E^nuaE^-E^ 


(2.25) 


i= 1 


2—0 


a =1 
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where the period integrals S) and Ifi are defined in terms of to so/Sp■ Similarly to the U(N) 
case, we can obtain coefficients of holomorphic beta functions for SO/Sp gauge theories from 
monodromy argument as: 

b 0 = 2(N — 2) — 2N f for SO(N ) (2.26) 

b 0 = 2(N + 2)-2N f for Sp(N). (2.27) 

These results agree with the beta functions for Af = 1 SO/Sp gauge theories with Nf flavors 
and adjoint chiral matter [TH] , The proceeding discussion uses identical notation b 0 to the 
coefficients of holomorphic beta functions for U(N ) and SO(N)/Sp(N) gauge theories. 


3 Effective Superpotential 

This section provides a proof of the equivalence of two potentials W e g and lFj ow . The effective 
superpotential W e g is derived from the Calabi-Yau geometry with fluxes. On the other hand, 
W\ ow is the superpotential derived purely from field theory analysis. First, we discuss U(N) 
gauge theory and then SO(2N) gauge theory. For SO(2N + 1) and Sp{2N ) theories, we do 
not explicitly address SO(2N) gauge theory. We merely provide some comments because the 
discussions are very similar. 


3.1 Field theory analysis 


We concentrate on the Coulomb branch, in which the adjoint chiral superfield <f> has following 
expectation values in the classical limit A —> 0, 


P(x) = (det(x — $))—> ff(x — a,i) Ni for U(N) (3.1) 

2—1 

n 

P(x) = (det(a; — $))—>• x N ° ff(;c 2 + a?) Ni for SO/Sp , (3.2) 

i= i 


where a* are roots of W( Tee (x) = 0 or Wg 0 /s P ( x ) = 0 - Tl iese classical vacua have unbroken 
gauge groups as (Q or (EH)- Next we briefly review the Seiberg-Witten curves for U ( N ) and 
SO(N)/Sp(N) gauge theories with Nf flavors given in [12] because we will discuss field theory 
analysis for effective superpotential using the Seiberg-Witten curve with monopole massless 
constraint: 


Nf 


P N (x) 2 - 4:N 2N N f f[ (x + m a ), 

a= 1 

N f 

P 2N (x) 2 - 4A ± N - 2 - 2 Nfx 2 JJ (^ _ ml), 

a= 1 

for U(N) 

(3.3) 

for SO{2N + 1) 

(3.4) 

N f 

PMx) 2 -^ N -*~ 2 N fx 4 ll(x 2 -ml), 

a= 1 

for SO (2 N). 

(3.5) 
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The curve for Sp(2N ) theory differs slightly from the ones for the other gauge groups, 

( Nf \ 2 Nf 

y 2 = x 2 P 2N (x ) + 2A 2N+2 ~ N f n m a « 4A 2 (^+ 2 -^) jj (a; 2 _ m ; 2 y ( 3 . 6 ) 

\ 0=1 / 0=1 

Characteristic functions P(x) are different for each classical group because they are defined in 
terms of adjoint matter multiplets <f> as in (HU). Even though P(x) is an ATh-order polynomial 
for the U(N) case, they become 2Nth order polynomials for S0(2N), SO(2N + 1), and Sp(2N) 
cases. 

As in a supersymmetric vacuum with U( l) n unbroken gauge groups necessarily has at 
least l = N — n mutually local massless monopoles. Therefore, we consider singular points or 
locus in the moduli space where l — N — n mutually local monopoles become massless. This 
means that l one cycles shrink to zero; therefore, the Seiberg-Witten curve has l double roots: 

Nf l 

y 2 = P N (x) 2 - AA 2N ~ Nf n(x + 771 a) = H?(x)F 2N - 2 i(x ) = tl(x - Pi) 2 F 2 N- 2 i{x). (3.7) 

a= 1 i= 1 

Regarding the SO/Sp case, because the Seiberg-Witten curves are even functions, the massless 
monopole constraint becomes the following: 

i -1 

y 2 = x 2 Hi {l _ 1) (x)F 4N _ 4 i +2 (x) = x 2 Y[(x 2 - p 2 ) 2 F AN _ 4 i +2 (x) for SO(N) (3.8) 

i= 1 
l 

y 2 = x 2 H 2 l (x)F 4N _ 4 i +2 (x) = x 2 Y[(x 2 - p 2 ) 2 F 4N _ 4 i +2 (x) for Sp(2N). (3.9) 

i= 1 

There are l double roots in the region x > 0. Because y 2 for SO/Sp theories are even functions 
of x, F 4 N- 4 i+ 2 {x) is also even function. 


3.1.1 U(N) case 


Here we concentrate on the U(N ) gauge theory. The low energy superpotential with the 
constraint HU) is described as 


n+l l 

ii low = ) Qr^r t 'y ) 

r =1 i =1 . 


PnW - 2e,A% vTT)) + Qi//- (P(Pi) - 2e,A % jMp) 


(3.10) 


Therein, Li,Qi are Lagrange multipliers imposing the condition HU. In addition, we define 
two new notations: e* = ±1, A(x) = n^2i(ai + rn a ). We obtain the following equations from 
the equations of motion for p t and Qp 

Qi = 0, 7^ (Pn{p%) - 2eiA^ yjA(pi)^J = 0. (3.11) 

Therefore we can use Qi = 0 at the level of equation of motion. The variation of lLj ow with 
respect to u r leads to 



0 . 


(3.12) 









The third term vanishes because A(pi) is independent of u r . Using Pn(x) = J2k=o xN we 
can express the coefficients of tree level superpotential as 


N 


9r = Y,J2 l 'P 


N-j 

i Sj— r . 


(3.13) 


*=1 3= 0 


With this relation, as in HEJE2I23!, we can obtain the following relation: 

N N l N l 

W Le = Y.9rX r ~ l = J2Y, Xr ~ 1 P^~ Js j-rLi~ X~ l J2 L i P N(Pi) +0(X 

r=—oo i =1 j =0 


—2\ 


r= 1 


i= 1 


N l N 


= E EE 1 " l Pi ]8 ]- r Li - X 1 J22e i L i A°^A( y p i ) + 0( y x 2 ) 

r=—oo i =1 j =0 i =1 

N l l 


E J2 p m( x ) xJ n lL iP I i 3 ~ x 1 E 2e ^ A2 °v A fe) + °( 

j = — 00 2=1 




— 2 \ 


2=1 


i=l X P* i=l 

As in jH], we define new l — 1-th polynomial Bi_\ as follows: 

, Li Bi_i(x) 

i\ x ~ Pi H t (x) 


(3.14) 


(3.15) 


After inserting this equation into (13.1411 and using the Seiberg-Witten curve II, we obtain 
the following relation: 


^treetT) + X 1 E 2 ^Lihf \j A( Pi ) = B t _ i(x)* 
i =1 \ 


, , 4A b ° A(x) 

F 2N - 2 i(x) -.-h C>(a? ) 

Hi(x) 


(3.16) 


We infer that Bi_i(x) should be on the order of n — N + l because the highest order terms in 
IT’t'ree(. t) are g n+ ix n . This indicates that l > N — n; in particular, B^-n-i = g n + 1 is constant 
for l = N — n. Using this relation, we can represent (HIED as 


al +1 F 2 n(x) = WlJ + 4 9 „ +lI "-‘A^ E'fifl/W) + 0(x n - 2 ) = WlJ + /„.,(*). (3.17) 


2=1 


Substituting this relation, we can represent the constraint (EH) as 

P N (x) 2 - 4A b ‘A(x) = A- ftO ) 2 + /n-iW) #£_„(*)• (3.18) 

SVi+l 

Therefore, remembering the definition f n _i(x) = )Cfc=d bkX k , from we can read off defor¬ 

mation parameter b n _i as 


b n ~i = Ag n+ ix n 1 A “ eiLi\]A(pi). 

2=1 


(3.19) 
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On the other hand, the derivative of W\ ow with respect to A is written as 


dW i 


low 


^9n+ix n 1 A^J2 e iL i jA(p i ) = 


d log A 60 Ag n+1 


%— 1 


^9n +1 


bn— I; 


(3.20) 


where we use (ESI) in the last equality. This is a salient result for proof of the equivalence 
Wi ow and W eS . 


Next we consider the superpotential W\ ow in the classical limit A —> 0. Because we are 
considering the classical vacuum m, the classical value of effective superpotential is given as 

n n+1 i 

lT low (A ^ 0) = E ^ E pA°l (3.21) 

i=i k =i A 


We will show a justification for geometric dual description introduced in the previous section 
using results of lEOHI) and EU>- However, prior to this, we extend the above discussion to 
SO/Sp gauge theories. 


3.1.2 SO(2N) case 


The deformation function is an even function nuini for the SO/Sp case. With this in mind, 
we can proceed the discussion in the similar way as U(N) case. We address only SO{2N ) gauge 
theories in detail and only give results for the others. From the equation El). we have double 
roots at x = 0, ±p* i = 1, •••,/ — 1. However, we do not need to consider all points. We only 
need to consider x = 0 and x = +p t because P 2 n(x) and A{x) = x A Yl^L^x 2 — ml) are even 
functions of x. For simplicity of equations, we define pi = 0 such that index i runs from 1 to 
l. By these conventions, we have effective superpotential with massless monopole constraints 

ED, 


n+l 


bhlow — 5Z 92rU2r + X] 


b 0 


d 


Li ( P 2 N<yPi ) - 2e*A 2 \JA(pi)) + Qij— ( P 2N (Pi) ~ 2qA 2 A(p/) 


r =1 i=l 

where Li,Qi are Lagrange multipliers imposing the condition ED and = ±1. From the 
equation of motion for pi and Qi, we obtain 


d 


fo 


Qi = 0, — ( P 2N (Pi) - 2ejA 2 A(pi) ) = 0. 


The variation of Hj ow with respect to U 2 r engenders 


d 


7Pi du 


2 r 




()2r + J2 L iA — p 2 N (Pi) ~ 2e*A 2 \jA(pi ) = 0. 


(3.22) 


(3.23) 


Because A(p/) is independent of U 2 r , the third term vanishes. Using P 2 n{%) = XqLo s 2 jX 2N ~ 2 \ 
we obtain 

1 N 

92r = J2J2 L i p 2 i N ~ 2j S2j-2v (3.24) 

i =1 3=0 
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With this relation, as in EU1221123, we obtain the following relation: 


W'so/sp 


N 




2r—l 


r =1 

N l N . l 

E E E X 2r ~ l p 2 i N ~ 2j S 2 j-2rLi ~ X~ l LiP 2N (Pi ) + 0(X 

r=—o o 7=1 j =0 


- 3 ) 


i =1 


N l N 


E E + 0( X - 3 ) 

r=—o o 7=1 j=0 7=1 

AT l l - 

E E P2»M^- 2w - 1 L i p, 2,v - 2 ' - X- 1 E 2f.L.A'f/W) + O^ 3 ) 

j=— OO Z=1 Z=1 

E - x- 1 E 2 ei L,A ! ?/lw + 0(x- s ). 

i=l X Pi i=l 


(3.25) 


Defining _B 2 (j-i) as in jH], 


l T 

~{X 2 -p‘f X 2 H 2 ( i_ i)(x)' 


5 2(Z-1)(^) 


(3.26) 


Thereby, after we insert this equation into (ETT71) and take into account the Seiberg-Witten 
curve (13.51) and B 2N _ 2n _ 2 = 5 , 2 n +2 for l = N — n, (13.171) can be written as 


AnX+W = iq 2 0/Sp + 4 9 2„ +2 X 2 "A^ E«.i.VW) + 0(x 2 "' 2 ) = Wfo/Sj. + Mx) 

l=l 

Substituting this relation, we can represent the constraint (HID as 

PMxf - 4A bo A(x) = -2- (Wg 0 , sr (x) + f 2n (x)) H 2 2N _ 2 „_ 2 (x). (3.27) 

92n+2 

Thus deformation parameter b 2n is represented as 


hn = 43271+2A 2 ^ A{pi). 


i=\ 


Using this result, we obtain 

dW law _ 1 

d log A b ° 4 g 2n+2 2n 


(3.28) 


(3.29) 


Next we consider superpotential W\ ow in the classical limit A —> 0. Because we are assuming 
the classical vacua H2D, the classical value of the effective superpotential becomes 


fU low (A 


n n+1 

0 ) = 2 

7=1 k=l 


E^E 


92k +2k 

2k * ' 


(3.30) 


In terms of these two results (HUD and HUD in purely field theory analysis, we can prove the 
equivalence Wi ow and Weft in the next subsection. 
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We can continue analysis for SO(2N+l) and Sp(2N ) similarly to the S0(2N ) case. However 
b 0 becomes 4 A" — 2 — 2Nf and 4iV + 2 — 2Nf , respectively. Massless monopole constraints for 
these cases can be rewritten as 

N f 

P 2N (x) 2 - AA b °x 2 ( x 2 - m 2 a ) = — -( W' so/Sp {xf + f 2 n) H 2 N _ 2n _ 2 (x), (3.31) 

o=l 9 2n+2 

/ Nf \ 2 Nf 1 / x 

(x 2 P 2 n(x) + 2A»° n mA - 4A 2&0 Ip* 2 -<) = — (Ko/Sp^? + hn) H 2 N _ 2n (x)(3.32) 

V o=l ' o=l 92n+2 

3.2 Geometric dual analysis 

In this section we study the effective super potential W e g (lED which comes from fluxes on 
the Calabi-Yau geometry and prove its equivalence to W\ ovr . As in the previous subsection, we 
consider the derivative of effective superpotential with respect to the A and its value in the 
classical limit A —» 0. As in m, it is convenient to use deformation parameters {6 n _i, ■ ■ ■, &o} 
as a change of variables instead of periods {Si, • • • S^}. The expectation values of bk are given 
by solving dW e s/db^ = 0, which minimize the effective superpotential. 

First we consider the derivative of W e s with respect to A for U(N) gauge theory. The A 
dependence of W e s arises from two terms: n* and F a . Thus we obtain 

dW eS ((b k ), log A) = " dll, ^ dF a 

d\ogA 2N ~ N f * Slog A 2N ~ N f “ d log A 2N ~ N f 

n I 

= E^ = -l- b n- 1- (3.33) 

^9n+ i 

The Riemann surface that we are considering has two special points located at the two pre¬ 
images of infinity. We call these two points P and Q. The sum of period Si becomes the integral 
of uj around P or Q because the integral of uj around m a is zero. This integral around P or Q 
gives b n -1 for the residue. We have used the residue in the last equality of (unsD- 

Next we consider the effective superpotential in the classical limit A —> 0. We obtain 
following result under the limit because deformation function f n _i(x) becomes zero: 

n n +1 i / N \ 1 N f 

W eS (A - 0) = 5>i £ T g k at — (n -) W tree (A 0 ) - - E W tTee {-m a ). (3.34) 

i =1 k =1 Z 7 L a =1 

Since we could add an arbitrary constant term to W e g as discussed in G5|> we can redefine the 
effective superpotential for dual geometry as 

f-af 1 N f M 0 / Nf\ 1 N f 

a; + -E / UJ + (N -— j W tree (A 0 ) + - E Wtree{—m a ). 

Ja i Z a= l J ~ m * V 17 Z a = 1 


W e = 




UJ 


a 


i= 1 


E 

i =1 
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Here we added the last two terms. Then we obtain the following classical limit, 


71+1 




1=1 


k =1 


(3.35) 


These two results (EH and (13.351) agree with (E25D and EQ) obtained from held theory. 
This agreement provides justification for the dual geometry introduced in section 2. 

We can obtain similar results for SO/Sp gauge theories. We use variables {& 2 n, • • •+} 
instead of periods {So, • • •, S' n }. The derivative of W e g with respect to A leads to 


dW eS ((b 2k ), log A) _ " __+_ 

d log A b ° +( 1 4<72n+2 


(3.36) 


where we evaluate the period integral around P and obtain the residue & 2 n- After the addition 
of constant terms, the classical limit A —> 0 engenders the result for the SO/Sp case: 


Weff( A 


n n+1 

0 ) = 2 

i =1 k =1 


E+E 


92k ^ 2 k 
2k i ' 


(3.37) 


Note that the number N 0 does not appear because ao = 0. These results agree with held theory 
results. 


4 Flux on Riemann Surface 

In this section we comment on the hux on the Riemann surface in the case with havor, which 
has crucial difference from the case without havors. In subsection 12.21 we have discussed the 
reduction of period integrals on the certain cycles in Calabi-Yau manifold to integrals on a 
Riemann surface. Let us introduce one form h obtained from the reduction of the three form 
H to the Riemann surface: 

h= [ H, H = H r + tH NS - (4.1) 

Js 2 

We can represent the conditions for huxes on the Riemann surface using this one form h. We 
discuss the U(N ) case hrst, then generalize to the SO/Sp case. From ( 12 . 121 ) and ( 12 . 191 ) the 
conditions are given as 

/ h = Ni, f h = t ym , h = 1. (4.2) 

Ja. J a. J—m a 

Let us introduce parameters s and t satisfying 0 < s,t < 1, which are the relative numbers 
of flavor on the upper and lower sheets of the x-plane, respectively. Accordingly, we obtain 
further conditions for h, 

j h = —N — sN f , j> h = N- tN f . (4.3) 
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These conditions indicate that the one form h on the Riemann surface should have simple poles 
at — m a , P, and Q. Residues of these ploes are 1, — A — sNf, and A — tNf, respectively. 


The equation of motion for b k , dW e s/db k = 0, suggests the following equation 


sN 


f ,- r 


tN 


f 


m b 


N Vk + Y Vk + Y I Vk = o, 
J Q Jp t^i J Q 


(4.4) 


where rjk is a holomorphic one form defined by rj k = Due to Abel’s theorem, this equation 
implies that there is a meromorphic function with the divisor m 


Nf 

Y{-m a ) - (A + sN f )P + (A - tN f )Q. 

a= 1 


(4.5) 


For simplicity, we assume s = 0 and t — 1, which means that all singularities representing 
a source of flux exist only on the lower sheet. We can describe the meromorphic function 
explicitly for 2 A > Nf. As discussed in m we introduce a new function z defined by 


* = P N (x) - —^W£ ee + JYiH N _ n (x) = P N {x) - Jp n {x) 2 ~ 4A—/Ifi + m a)X 4.6) 

9n+\ V V “- 1 

where we use at the last equality. This new function has an Nth order pole at P and an 

N — Nf th order zero at Q and a 1th order zero at —m a . As in m, in terms of this function z 
the flux h can be written as 


h = 


1 dz 


27 ri z 

In fact this form has poles of order 1 at — m a , Q, and P with residues 1, N 
then gives expected relations (D and (D for cases s = 0 and t — 1. 


(4.7) 

Nf, and — N. It 


For the SO/Sp case, some of the conditions of fluxes, namely the integrals of h on the cut, 
change as 

r a o An r ia t 

_ h = —~ F 1, h = Ni i = 1, ■ • •, n. (4.8) 

Jclq Z J ia i 

The equation of motion for b- 2 k implies that 


f p S JZ r m “ 

(N =F 2) / fj2i, + 2 E / 

J Q Jp 


tN 


f r - 


? ?2 k + % Y 

b=l J Q 


m b 


V2k = 0, 


(4.9) 


where 7] 2 k = 


d^SO/Sp 

db 2 k 


For the SO/Sp cases, we define function z by 


z = P 2N (x)/x 2 - ^( P 2N (x)/x 2 ) 2 - 4A 4 ^v+ 4 -2iV/[|2i(a: 2 - m 2 a ), for SO(2N) (4.10) 

0 = B{x) - \jB(x) 2 - ~ m a), for Sp(2N) (4.11) 

where P 2 n(x) is a 2Ath order polynomial and B(x) = x 2 P 2 n(x ) + 2A 2N+2 ~ N f 11^2 1 ?7 V These 
functions have 2N =|= 2th order pole at P and 2N =F 2 — 2Ayth order zero at Q and 1th order 
zero at ±m a for 2(2A =|= 2) > 2Nf. In these cases, one-form flux is also given by (I4.7jl and has 
a pole of order 1 at ±m n , Q , and P with residue 1, (2A =F 2) — 2Nf, and —(2A 2). 
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5 Affleck-Dine-Seiberg from Calabi-Yau with Flux 


In this section, we specifically address the gauge theories with quadratic superpotential W tree = 
lTr$ 2 or Wgo/Sp — ^Tr$ 2 , where we choose | for the coefficient of d> 2 for simplicity. In 
addition, we assume that all masses of flavors take the same value. Under these assumptions 
we can reproduce an Affleck-Dine-Seiberg superpotential |[2Dj from a dual geometrical viewpoint. 
In this simple case, the dual geometry HID and the period integral (Eunp become 

/ = x 2 + y 2 + z 2 + v 2 — n = 0, (5.1) 


s= 2s/v te ' / '* r ^ = 7’ (5 ' 2) 

respectively. Here we ignore the subscript for period integral S because the double cover x-plane 
has only one branch cut. After computation of n, we obtain the effective superpotential 


Weff = 5 log 



+ NS + Wi 2"”'Ia„-a, 


(5.3) 


where we use N which stands for N for U(N ) case and IV =f 2 for SO(N)/Sp(N) cases, re¬ 
spectively. This ±2 term for SO/Sp cases comes from a contribution of the orientifold plane 
[23 HU I2H The contribution from flavor leads to 



As discussed in subsection o we can substitute A for A 0 ; the former is interpreted as the 
dynamically generated energy scale because the logA 0 divergent piece can be absorbed into 
bare coupling constant a. Then, collecting log terms, we can express these terms as 


S log 



777 

+ N f S log — 


S log 


/ m N f A b ° \ 

V S* ) 



(5.5) 


where we use the matching condition A 3W = m N f A 2N N f. Taking into account for W(—m a ) 
term discussed in subsection we find that (15.41) exactly concurs with the result (11) in |2 a 
that was obtained by the matrix model. This agreement suggest that the effective superpoten¬ 
tial coming from the flavor effect, W ^ avor , corresponds to matrix model free energy with one 
boundary. We can integrate out a massive glueball superfield S, using the equation of motion 
dsW e ff = 0. This leads to a simple equation, 


d s W eS 


A S' 

-N log + N f log 
A 6 


1 

2 



0, 


(5.6) 
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which becomes 


S\ 2k fS\ k s 

«m + ~- 


A 3 J 


A 3 


A 3 


= 0, 


where k = N/Nf. Using (15.711 the effective superpotential can be written as 

1 


IU eff = C 


(k-l)S + A 3k S 


3 k q— k-\-l 


2m 2 


Q—2k-\-2 


(5.7) 


(5.8) 


where we write over all constant factor as C for simplicity. We should use a matching condition 
A 3fc = mA /3fc_1 to recover a matter field. From this relation, (El becomes 


W,„ = C(k - 1)S + Cml\' 3k -'S- M - £a'“- 2 S- 2 *+ 2 . 


(5.9) 


The vacuum expectation value of the field X = QQ is obtained as a derivative with respect to 
mass 77i , 


X = (7A /3fe_1 5' _fe+1 . 


We can express the effective superpotential using this new variable X: 

W e f{ = A(N, Nf) 


'A’ 3 *-»f\ N ~ N f 


det N f X 


(5.10) 


(5.11) 


which is nothing but the Affleck-Dine-Seiberg potential m- Here in EH we ignore tree level 
superpotential term. This result becomes a more familiar form in the case of Sp(2N) gauge 
theory with 2 Nf flavors: 


W e g = A(N, N f ) 


'j^/3(N+l)-N f \ N+i-N f 

Pf Nf X 


(5.12) 


Note that this geometric analysis of U(N) gauge theory does not distinguish between Nf < 
N and Nf > N, whereas the gauge theory physics changes drastically. This situation is similar 
to the matrix model analysis W®- Curiously not only Nf < N — 1 case but also Nf > N + 1, 
we obtain the Affleck-Dine-Seiberg superpotential (15.111) . 

This subject was also discussed in [SJ. The gauge theory with Nf > N + 2 is strongly 
coupled and the correct description is given by its Seiberg dual. The superpotential for the 
dual theory is described in terms of the fields which are dual to the electric meson fields. If 
we include the dual picture in the computation of effective superpotential, it might resolve this 
problem. 


6 Seiberg-Witten Curve from Flux 

In this section we reproduce the Seiberg-Witten curve with Nf massive flavors from geometry 
with fluxes. Derivation for U(N) gauge theory with no flavor was discussed in [TH] . Turning 
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off the fluxes we obtain Af = 2 quantities such as the Seiberg-Witten curves, coupling constant 
and BPS mass spectrum. Turning off the fluxes naively means that the tree level superpoten¬ 
tial, which break softly Af = 2 supersymmetry to Af = 1, goes to zero. Therefore, Af = 2 
supersymmetry is recovered. However, to obtain Af = 2 information correctly we must consider 
the order of tree level superpotential and classical value of adjoint chiral multiplet $ rg. For 
U(N) gauge theory, the tree level superpotential is given by 

N +i n 

W t ree = £ (6.1) 

k =1 A 

We assume the vacuum in which gauge group U(N ) breaks into [/(l)^. That is, N t — 1 for 
i = 1,..., N in (12.6(1 . Quantities that do not vanish in the limit g ^+1 —*► 0 are the Af = 2 
quantities. In this special case, the massless monopole constraint (IXTHD can be written as 

N f , 

Pn(x) ~ 4A 2N ~ Nf lt(a; + m a ) = - (Wl iee {x) 2 + f N -i{x)) . (6.2) 

a=l 9N +1 V 7 

This equation means that there is not a massless monopole. Then, on this vacuum, we can 
express the dual Calabi-Yau geometry (|ZHD as 

Nf 

g N +\ (pUx) - 4A 2N ~ Nf n(x + m a )) +y 2 + z 2 + w 2 = 0. (6.3) 

' a= 1 7 

After reduction to the x-plane and absorbing the gN+i in V, we recover the Seiberg-Witten 
curve 

N f 

y 2 = Pn{x) - 4A 2N ~ Nf H(x + in a). (6.4) 

a= 1 

We can discuss the SO/Sp case in a similar way to the U(N ) case. We consider the tree 
level superpotential as 

N+l n 

Wso/sr = E flirty (6.5) 

k= 1 ZK ' 

and choose a special vacuum with the breaking pattern SO(2N)/SO(2N+l)/Sp(2N) —> U(1) N . 
In this special case, the massless monopole constraint equations and (ECU are described 

as: 

N f 1 

Pm(x) - 4A 4N ~ 2 ~ 2Nf x 2 \[{x 2 - ml) = - (W so/s (xf + f 2N ) for SO(2N + 1)(6.6) 

a=l g2N+2 V 7 

Nf i 

P 2 N(x) - 4A iN - 4 ~ 2Nf x 4 n ( X 2 - ml) = - (w' so/s (xf + f 2N ) for SO(2N). (6.7) 

a=l 92N+2 

For the Sp(2N) case, we have 

/ Nf \ 2 N f 1 

(x 2 P 2N + 2A 2N+2 ~Nf n m a ) - 4A 2 ( 2N+2 ~ N f) = -( W' so/Sp {xf + f 2N ) .(6.8) 

V o=l 7 0=1 92N+2 V y 
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Then, after the reduction to :r-plane and absorbing the g 2 7 v+ 2 , we obtain the Seiberg-Witten 
curve for SO/Sp gauge theory with massive flavors (13.511 and (El). 
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